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1 Setting and main results

As usual, let 7 o« exp(—V), where
Zy = / exp(-V(x)) dx < o and sup ||V2V(x)||0p <B. (1.1)
R4 x€R4

For a step size h > 0, Langevin Monte Carlo (LMC) is the recursion
Xns1yh = Xoh = BV (Xan) + V2h Zpas Zns1 ~ N(0,1) . (1.2)
Its standard continuous interpolation freezes the drift on each step: for 0 < u < h,
Xuhsu = Xnh = uVV (Xon) + V2 (Buhsu = Bun) - (1.3)

Here the Brownian increments in successive steps are independent, and the value at u = h
is the next grid point in (1.2). Let fi; denote the law of X;, and define the continuously
averaged output law by

poni= g | e, (1.49)
0

Equivalently, one samples a time uniformly from [0, Nh| and outputs the interpolated
chain at that time.

The following theorem shows that the Fisher information analysis of averaged LMC is
sharp. The two terms in the lower bound are obtained from different instances; for any
fixed values of the parameters, one chooses the instance corresponding to the larger term.



Theorem 1.1 (Sharpness of FI bounds for averaged LMC). There are universal constants

c,co > 0 with the following property. For every N,d > 1, K, > 0, f > 0, and
0<h<c/p,

1
sup  Fl(ins || 7) 2 cmax{KO min{[)’, —}, [Fdh} . (1.5)
V satisfies (1.1) Nh

KL(jollm) <Ko

Moreover, for every h > ¢y /p,

sup  Fl(ann || 7) = cpd. (1.6)
V satisfies (1.1)
KL(pollr) <Ko

For comparison, Theorem 11.2.1 in [Che26], together with the convexity of Fisher
information recalled immediately afterward, gives the following averaged-law upper

bound.

Proposition 1.1 (Averaged LMC upper bound). If KL(y || 7) < Kpand 0 < h < 1/(4p),
then

F < — . 1.
(i | 7)< S22 + 6% (1)

Thus, whenever Nh > 7! and h < ¢y/f, Theorem 1.1 and Proposition 1.1 give

K
sup  Fl(jins || 7) = max{—", ﬁzdh} . (1.8)
V satisfies (1.1) Nh

KL(jollm) <Ko

The constants implicit in < are universal.

Corollary 1.1. There are universal constants cy, ¢z, ¢, C > 0 such that, if

d
1y < Ky < c2dN, (1.9)
then
dK dK
cﬂﬂ—o <inf sup  Fl(anpull 7) < CB == (1.10)
N h>0y satisfies (1.1) N

KL(koll) <Ko



Corollary 1.2. There is a universal constant ¢ > 0 such that, in the regime
0 < & < cfmin{Ky, d}, (1.11)

any fixed-step continuously averaged LMC guarantee which holds uniformly over the
class in (1.1) and ensures

Fl(ins || ) < €
must have

B?dK,

4

N>c . (1.12)

2 A Stein lower bound
We first record the Stein lower bound used for all three constructions.

Lemma 2.1 (Stein lower bound). Let 7 o exp(—V) and let p have the integrability
needed for the expressions below. If ®: R¢ — R? is a smooth vector field, then

(E,[dive - (VV, ®)])?
E, |2

Fi(p |l ) = (2.1)

The assertion is interpreted as trivial if the Fisher information is infinite or the denomi-
nator vanishes.

Proof. Suppose first that @ is compactly supported and that the relative score s, defined by

d
s = Vlogd—'u,
JT

belongs to L?(p). Integration by parts gives
E,[div® —(VV,®)] = —E(D,s) .

The result follows from Cauchy-Schwarz. For the bounded periodic vector fields used
below, and for the linear field used with Gaussian laws, apply this identity to smooth
compactly supported cutoffs and let the cutoff radius tend to infinity. All the laws in
question have finite moments of every required order, so dominated convergence applies.

O



3 The finite-time term
Fix a € (0, f] and consider
e = N(0,a7'Iy) and o = N(m,a™'Iy),
where m is chosen so that
Zlml” =Ko
Then KL (g || 7z4) = Ko. We have

E X = (1-ah)"m,
E Xppaw = (1 — au) (1 — ah)" m.

It follows that the mean r of jiy, is

m:m(1—“—h)ﬂ. (3.1)

2 Nah

Applying Lemma 2.1 with constant vector fields gives, for every p with finite first moment,

PGl 70) > 2| [ xuao] (52)
Therefore,
Pl I ) = 20k [ (1= ) L0 R0 33
Choose
o= min{ﬁ, ﬁ} .

Ifh<1/(4p),then0 < ah < 1/4and 0 < Nah < 1. Forq € [0,1] and z € [0, 1],

N N 1—e™ -1
1-(1-¢)" >21—-¢e 1 and >1-—e .

z

Hence the bracket in (3.3) is bounded below by a positive universal constant, proving

(3.4)

, 1
FI(iann || 7o) 2 Ko mm{,b’, m} :
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4 The discretization term

The hard instance has curvature oscillating on the Brownian scale Vh. We first isolate the
periodic calculation.

4.1 A periodic Fourier calculation

Fix 0 < § < 1. On the circle R/(2n7Z), let
ps(dB) o exp(dcosf)db. (4.1)
Consider the chain
0,1 =0, —-6sin0, + \/EZ,,H (mod 2m), © ~ ps, (4.2)
and its within-step interpolation
Ons =0, —$8sinO, + V2sZ (mod 27), 0<s<1. (4.3)

Let pn s be the law obtained by averaging (4.3) uniformly over n € {0,...,N — 1} and
s € [0,1].

Lemma 4.1 (Non-vanishing periodic Stein bias). There are universal constants ¢, §, > 0
such that, for every N > 1 and 0 < § < &y,

Epy,c080 =S Ejp, sin? ®| >ch. (4.4)

Proof. Set
Ckn = Eexp(ik©,) .

The laws in (4.2) are invariant under reflection, so all the Fourier coefficients used below
are real. Gaussian convolution gives

Chntl = e E exp(ik®, — ikd sin @) . (4.5)
We calculate the initial coefficients explicitly. Put

1 2n
Ds:=— [ €?dp.
YA 0



Taylor’s theorem, with a remainder uniform over 0 < § < 1 and 0 € [0, 2n], together with
Fourier orthogonality, gives

52
D5:1+Z+O(54)’

)

1 2n .
e19e5c089 do = 5 + 0(53)’

2n Jo
1

n 52
_/ 6219€6C059d9:—+0(54).
27 0 8

Indeed, in the second line the only contribution through order two is

27
i ei90059d9:§,
2n Jo 2

whereas in the third line the first non-zero contribution is

52 n 52
— e?cos?0dh = — .
41 0 8
Dividing the last two displays by Ds therefore yields
d 3 & 4 2
C10 = E + O((S ) and C20 = E + 0(5 ) = 0(5 ) . (46)

Here and below the constants in O(-) are universal. The bound |e~29510 _1| < 2§ and (4.5)
imply
|cons] < €7 Jegnl| + 26745
Iteration and (4.6) show that
con = O(9) uniformly in n. (4.7)
Since
1 — @20

0

—ie"sinf =

and the remainder in e "% = 1—i§ sin §+O(5?) is uniform in 6, equations (4.5) and (4.7)

yield

-1
e
-1 2
Cin+t1 =€ Cin + —2 + 0(5 ) .



Together with (4.6), this recursion implies directly that there is a universal constant C
such that

)
cin < 2 + C* uniformly inn.
Indeed, choose C large enough to dominate the initial error and the uniform remainder
in the recursion. If the bound holds at time n, then its leading-order part at time n + 1
is at most §/e < &/2, while the error is at most (C/e + O(1)) §%; enlarging C closes the

induction.
The same uniform Taylor expansion in (4.3) gives

. é
E e = ¢ [C1,n + SE (1- CZ,n)] +0(5%).

All remainders here are uniform in n and s € [0, 1]. Similarly,

|E eZi@,,,s

<e™® (lcanl +2s8) = O(9).

Hence E sin? ©,5 = 1/2+ O(6), and therefore, uniformly in n and s,
.2 ] —s 2
E[cos@n,s — §sin @n,s] < 2 [e (1+s)— 1] +0(6%).
For every n, integration over the fractional time gives

1 [t 3—-e
5/0 [es(1+s)—1]ds:— e

Averaging over n now gives

Epy s |[cos® — §sin*©] < 3

— S5+ 0(8%).
2e

The remainder is uniform in N. Since 3 — e > 0, the claim follows after decreasing , by a
universal amount. |

4.2 A normalizable target on Euclidean space

Fix a sufficiently small universal constant n > 0 and set

5= nph. (4.8)



For p > 0, define the product potential

d
P 2 Xi
Von(x) = [— x; —dcos —|. (4.9)
P ; 2h vVh
Its Hessian is diagonal, with entries
P Xi
—+nfcos—.
h Vh

In particular, if 0 < np < 1and 0 < p < (1 — 5)Bh, then

”Vsz,h(x)”op <p

for every x. The quadratic term makes the target normalizable. Initialize LMC at the
target:

po = mpp < exp(=Vpp),  KL(uo [l mpp) =0. (4.10)

The initialization is stationary only for the diffusion, not for the Euler chain.
It is enough to analyze one coordinate. Under the scaling Y = X /Vh, its target density
is

q,(y) o< exp(—'g y? + 5 cos y), (4.11)

and the LMC recursion becomes
Y1 = (1= p)Y, —SsinY, + V2 Z,1 . (4.12)

For 0 < s < 1, its interpolation is
Yos=(1—-sp)Y, —sdsinY, + V25 Zpi1 . (4.13)

We now justify carefully the limit from (4.12) to the periodic chain.

Lemma 4.2. Fix N and §. As p Y\ 0, the phase of the initial law Y, mod 2x converges
in distribution to ps. Moreover, for every 0 < n < N and s € [0, 1],

d
Y, s mod 2n — ©,;,
where O, is defined in (4.3). Finally,

max sup p E|Y,| — 0. (4.14)

0<n<N p<s<1



Proof. The density of Y, mod 2= is proportional on [0, 27) to
dcos 6 P 2
-2 (0+2k)?)
e Z exp( 5 (0 + 27k)
keZ
By the Poisson summation formula,

erxp(_%’ 0+ 2nk)2) _ Z oM’/ (2p) gm0

kezZ mezZ

The right-hand side converges uniformly in 6 to 1, proving the initial phase convergence.
g g y p g p g
Since e™® < %Y < 9 comparison with a centered Gaussian of variance p~! gives

E|Ys| = 0(p7"/%). (4.15)
For 0 < p < 1, recursion (4.12) and its interpolation then imply, for fixed N,

max sup E|Y, | = O(p_l/z) +O0N(1).

0=n<N o<s<1
This proves (4.14). In particular, pY, — 0 in probability. Induction in (4.12), followed
by the continuous mapping theorem and Slutsky’s lemma, now proves convergence of
the phases at grid points and at every fractional time. Since periodic test functions are
bounded, dominated convergence also permits averaging over the finitely many steps and
over s € [0,1]. O

Take the one-dimensional test function
¢n(x) = sin(x/Vh).
Its Stein expectation under the one-dimensional marginal of iy is

Sp = EﬂN,h [d’;,(X) - V/;h(X) ¢h(X)]
1 P
= —E[cosY - dsin’ Y| - Z=E[YsinY]. (4.16)
Vh | ] Vh

Here every expectation is also averaged uniformly over the N steps and over the fractional
time. Lemma 4.2 shows that the last term tends to zero and that the first term converges
to the periodic expectation in Lemma 4.1. Consequently, for § < §y and all sufficiently
small positive p,

1S,] 2 % =npVh =< pVh. (4.17)



The required choice of p may depend on N, h, which is harmless because the theorem is
an existence statement for each fixed collection of parameters.
In d dimensions, use the vector field

Op(x) = (sin ﬁ, .. .,sin—) )

Vh Vh

The numerator in (2.1) equals dS,, while
E[|@n)|* < d.
It follows that
FI(ann || mpp) > dS% 2 p2dh. (4.18)

Choose 1 and then ¢y < 1/4 sufficiently small that § = nfh < §, whenever h < ¢¢/p.
Together with (3.4), this proves (1.5).

5 A large-step obstruction

The periodic construction was only needed for small steps. A Gaussian rules out all larger
steps in the high-accuracy regime.

Proposition 5.1 (Large Gaussian steps). For every h > 0, take
r=N(0,B ') and Ho=TT.
Then, uniformly in N > 1,

(Bn)*/9

Fila | 0) 2 pd —Fop e

(5.1)

Proof. Every interpolated law is centered and isotropic. Let e; denote the first standard
basis vector in R?, and set

rn = ﬁE[<th, 61>2] and Tns = ﬁE[<th+sh, el>2] .
Since ry = 1, the Gaussian LMC recursion gives

ns = (1— s,Bh)2 rn+ 2sph,

10



rns—1=(1- sPh)? (r, — 1) + 5% (Bh)*.

Taking s = 1 inductively shows that r, > 1 for all n. I 7 denotes the variance parameter
averaged over n and s, then

(Bh)?
—

1
F—12> / s2(ph)? ds =
0
Apply Lemma 2.1 with ®(x) = x. Its numerator is d (1 —7) and its denominator is d7/f, so

N2
Pl ) 2 pa T2

The function (r—1)?/r is increasing for r > 1. Substituting 7 > 1+(Bh)?/3 proves (5.1). O

If h > ¢o/p, then Bh > ¢y, so (5.1) proves (1.6) and completes the proof of Theorem 1.1.

6 Consequences

Proof of Corollary 1.1. Proposition 1.1 with h = (28)"14/Ky/(dN) gives the upper bound.
For the lower bound, fix h. If h > ¢y/p, use (1.6); if instead Nh < B!, use the K, term
in (1.5); otherwise, use max{Ky/(Nh), f2dh} > B+/dKy/N. The assumptions d/N < Ky <
dN make the first two cases at least as large as the last. O

Proof of Corollary 1.2. The assumption on ¢ and (1.6) force h < ¢o/f. Equation (1.5) then
gives h < €2/(B%d) and Nh 2 Ky/e?, where the latter uses 2 < K. Thus N = (Nh)/h 2
B?dKy /. O
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